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Pairwise Constraint-Guided Sparse Learning
for Feature Selection

Mingxia Liu and Daoqiang Zhang

Abstract—Feature selection aims to identify the most informa-
tive features for a compact and accurate data representation.
As typical supervised feature selection methods, Lasso and its
variants using L1-norm-based regularization terms have received
much attention in recent studies, most of which use class labels
as supervised information. Besides class labels, there are other
types of supervised information, e.g., pairwise constraints that
specify whether a pair of data samples belong to the same
class (must-link constraint) or different classes (cannot-link
constraint). However, most of existing L1-norm-based sparse
learning methods do not take advantage of the pairwise con-
straints that provide us weak and more general supervised
information. For addressing that problem, we propose a pairwise
constraint-guided sparse (CGS) learning method for feature selec-
tion, where the must-link and the cannot-link constraints are used
as discriminative regularization terms that directly concentrate
on the local discriminative structure of data. Furthermore, we
develop two variants of CGS, including: 1) semi-supervised CGS
that utilizes labeled data, pairwise constraints, and unlabeled
data and 2) ensemble CGS that uses the ensemble of pairwise
constraint sets. We conduct a series of experiments on a num-
ber of data sets from University of California-Irvine machine
learning repository, a gene expression data set, two real-world
neuroimaging-based classification tasks, and two large-scale
attribute classification tasks. Experimental results demonstrate
the efficacy of our proposed methods, compared with several
established feature selection methods.

Index Terms—Feature selection, L1-norm, pairwise constraint,
sparse learning.
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I. INTRODUCTION

IN MANY machine learning and data mining applications,
numerous features can be extracted, and sometimes the

feature dimension is even higher than the number of
data points [1], [2]. Such high dimensional features not only
consume more computation and storage resources, but also
may degrade the performances of learning algorithms, which is
typically referred as “the curse of dimensionality” [3]. Feature
selection addresses this issue by selecting the most informa-
tive features for a compact and accurate data representation,
and has been proven effective in reducing feature dimen-
sionality, improving learning performances and facilitating
data understanding [4]–[7].

According to the different use of supervised information,
existing feature selection methods can be categorized into three
groups, i.e., supervised, unsupervised, and semi-supervised
ones [3], [7]–[11]. In the literature, most of supervised and
semi-supervised feature selection methods use class labels as
supervised information, while class labels are usually lim-
ited or expensive to be obtained. For example, in computer
vision applications, it seems to be impossible to obtain enough
labeled data to cover all object classes, especially when there
is tens of thousands of categories [12], [13]. Actually, besides
class labels, there are other types of supervised informa-
tion, e.g., pairwise constraints that specify whether a pair
of samples belong to the same class (must-link constraints)
or different classes (cannot-link constraints) [14]. Compared
with class labels that require to have detailed information
about the category of sample, pairwise constraints simply
mention for some pairs of samples that they are similar
or dissimilar [15]–[17]. Currently, such kinds of constraints
have been widely used in several fields of machine learning,
such as distance metric learning [15]–[18], semi-supervised
clustering [19]–[22], dimension reduction [23], [24], and
feature selection [25]–[28]. Especially, several pairwise
constraints-based feature selection studies have shown that
using only a small amount of pairwise constraints can achieve
comparable performance to those given by supervised feature
selection methods using full class labels [25], [27].

On the other hand, Lasso and its variants have received
increasing attention in feature selection domain, by using
the L1-norm-based regularization terms to encourage spar-
sity among feature weights [29]–[31]. In the literature,
L1-norm-based sparse learning methods have been used
in various real-world applications, such as neuroimaging
classification [32], object categorization [33], and dictionary
learning [34]. However, to the best of our knowledge, most
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TABLE I
LIST OF IMPORTANT NOTATION

existing L1-norm-based sparse learning methods use only class
labels as supervised information, and do not take advantage
of pairwise constraints that provide us weak and more general
supervised information.

For addressing this problem, we propose a pairwise
constraint-guided sparse (CGS) learning method for feature
selection, where the must-link and the cannot-link con-
straints are used as discriminative regularizers that directly
concentrated on the local discriminative structure of data.
Furthermore, we develop two variants to the proposed CGS
method. The first one is the semi-supervised CGS (SCGS)
method that uses labeled data, pairwise constraints, and unla-
beled data. The second one is the ensemble CGS (ECGS)
method that uses the ensemble of pairwise constraint sets
other than a single constraint set. We conduct a series of
experiments on a number of data sets from University of
California-Irvine (UCI) machine learning repository, a gene
expression data set, and two real-world neuroimaging-based
classification tasks. Experimental results validate the efficacy
of our proposed methods.

The major contributions of this paper are threefold. First, we
propose a novel pairwise CGS feature selection method, which
exploits the pairwise constraint-based regularizers to reflect
the local discriminative structure of data. Second, we develop
a SCGS model by using labeled data, pairwise constraints, and
unlabeled data, and an ECGS method by using an ensemble
of multiple pairwise constraint sets. Third, we develop an effi-
cient optimization algorithm for solving the proposed problem.

The remainder of this paper is organized as follows.
Section II briefly reviews related background knowledge on
feature selection. In Section III, we present the proposed CGS
feature selection method, an efficient optimization algorithm,
a semi-supervised variant of CGS, and an ensemble variant of
CGS. Section IV provides the experimental results and anal-
ysis on a number of data sets, by comparing the proposed
methods with several established feature selection methods.
In Section V, we first discuss the influences of the parame-
ters and the constraint number on the performances of CGS,
and then compare our proposed methods with several sparse
classifiers. Section VI concludes this paper.

II. BACKGROUND

In this section, we first briefly introduce several well-known
supervised and unsupervised feature selection methods,

including variance [35], Laplacian score (LS) [36], and Fisher
score (FS) [35]. Then, we introduce recent work on pairwise
constraint-based feature selection. Finally, we present related
work on L1-norm-based sparse feature selection.

A. Supervised and Unsupervised Feature Selection

Denote the training data set as X = {xi}N
i=1 (xi ∈ Rd), where

N is the number of data points and d is the feature dimen-
sion. Let fri denote the rth feature of sample xi. Define µr =
1/N

∑N
i=1 fri as the mean of the rth feature f r. For supervised

learning problems, class labels are given in Y = {yi}N
i=1, yi ∈

{1, . . . , P}, where P is the class number and Np denotes the
number of data points belonging to the pth class. For conve-
nience, we list important notation used in this paper in Table I.

As a simple unsupervised evaluation of features, variance
utilizes the variance along a feature dimension to reflect
the feature’s representative power for the original data. The
variance of the rth feature denoted as Varr, which should be
maximized, is computed as follows [35]:

Varr = 1

N

N∑

i=1

( fri − µr)
2. (1)

As another unsupervised method, LS prefers features
with larger variances as well as stronger locality preserving
ability. It can be regarded as the extension of the Laplacian
eigenmaps [37] for feature selection. The key assumption in
LS is that the data points from the same class should be close
to each other. The LS of the rth feature denoted as LSr, which
should be minimized, is computed as follows [36]:

LSr =
∑

i,j

(
fri − frj

)2
Sij

∑
i ( fri − μr)

2Dii
. (2)

Here, D is a diagonal matrix with element Dii = ∑N
j=1 Sij,

and Sij represents the neighborhood relationship between
samples xi and xj defined as follows:

Sij =
⎧
⎨

⎩
e
−‖xi−xj‖2

σ2 , if xi and xj are k nearest neighbors
0, otherwise

(3)

where σ is a width parameter to be set.
FS is a supervised method using full class labels. It seeks

features that can maximize the distance of data points between
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different classes and minimize the distance of data points
within the same class simultaneously. Let µ

p
r and f p

r be the
mean and the feature vector of class p corresponding to the
rth feature. The FS of the rth feature (i.e., FSr) is computed
as follows [35]:

FSr =
∑P

p=1 Np
(
µ

p
r − µr

)2

∑P
p=1

∑Np
i=1

(
f p
ri − µ

p
r
)2

. (4)

B. Pairwise Constraints-Based Feature Selection

In practice, obtaining class labels is usually expensive,
and, thus, the amount of labeled training data is sometimes
very limited. Therefore, we are often faced with the so
called “small labeled-sample problem” in many real-world
applications [3]. For addressing that problem, pairwise con-
straints (also called side information) arise naturally in many
tasks [15], [19], [22], [38]. For example, in the domain of
image retrieval [39], considering pairwise constraints is more
practical than trying to obtain class labels, because true class
labels may be unknown but it is easier for users to specify
whether some pairs of data samples belong to the same class
(must-link constraint) or different classes (cannot-link con-
straint), i.e., similar or dissimilar. On the other hand, pairwise
constraints can be derived from labeled data but not vice versa.
In addition, pairwise constraints can be given in advance or
generated from class labels. Given N labeled samples, we can
generate approximately N2 pairwise constraints. For these rea-
sons, pairwise constraints have been widely used in machine
learning fields.

Recently, researchers developed various feature selec-
tion methods by using pairwise constraints. For example,
Zhang et al. [25] proposed the so called constraint score (CS)
to evaluate the goodness of features by using pairwise con-
straints. To be specific, CS utilizes M = {(xi, xj)| xi and xj

belong to the same class} containing pairwise must-link con-
straints and C = {(xi, xj)| xi and xj belong to different classes}
containing pairwise cannot-link constraints as the supervised
information. The CSs of the rth feature (denoted as CSr) are
computed in the following form [25]:

CSr =
∑

(xi,xj)∈M

(
fri − frj

)2 − λ
∑

(xi,xj)∈C

(
fri − frj

)2 (5)

where λ is a parameter to balance the two terms in (5). It
has been shown that CS, with only a small amount of pair-
wise constraints, can achieve comparable performance to fully
supervised feature selection methods [25].

In addition, Kalakech et al. [27] developed a semi-
supervised CS by using both pairwise constraints and local
properties of the unlabeled data. To alleviate the bias intro-
duced by the selection of appropriate pairwise constraint sets,
Sun and Zhang [26] proposed a bagging CS method to boost
the performance of original CS.

C. L1-Norm-Based Sparse Feature Selection

In the literature, sparse learning attracts much attention
in pattern recognition and machine learning domains, among
which Lasso is one of the most widely used ones [29].

Generally, Lasso is a penalized least squares method with the
L1-norm penalty on the weight vector (i.e., w ∈ R

d), and its
objective function is defined as follows:

min
w

N∑

i=1

(
yi − wTxi

)2

s.t. ‖w‖1 ≤ t (6)

where t ≥ 0 is a tuning parameter to control the amount of
shrinkage applied to the estimate w. Due to the sparsity nature
of L1-norm, the Lasso method can perform feature selection
and regression/classification simultaneously.

Following [29], researchers have developed various
L1-norm-based sparse learning methods (e.g., elastic net [40],
group Lasso [31], and fused Lasso [30]). These methods have
been widely used in dimension reduction [13], [41], imaging
annotation [42], [43], and face recognition [33]. It is worth
noting that most existing L1-norm-based feature selection
methods only use class labels as supervised information, while
class labels may be limited or expensive to be obtained in prac-
tice. To the best of our knowledge, no previous L1-norm-based
sparse learning research has tried to perform feature selection
by exploiting pairwise constraints as supervised information.

III. PAIRWISE CGS LEARNING

In this section, we first propose a pairwise CGS learning
method for feature selection, where pairwise constraints are
used as discriminative regularization terms. Then, we present
an efficient optimization algorithm for solving the proposed
problem. In addition, we further extend our proposed CGS
method into a semi-supervised variant called SCGS, and an
ensemble variant denoted as ECGS.

A. Proposed CGS Method

Denote N as the size of data points, X = {xi}N
i=1 as data set

with class labels Y = {yi}N
i=1. Let w ∈ R

d denote the weight
vector, while M and C represent the must-link constraints set
and the cannot-link constraints set, respectively. Intuitively,
in the mapping space, data points from the must-link con-
straint set should be close to each other, and those from
the cannot-link constraint set should be as far as possible.
Accordingly, the proposed sparse learning model using both
pairwise constraints and class labels is defined as follows:

min
w

1

2

N∑

i=1

loss(xi, yi, F) + λ1

2
(U − αV) + λ2‖w‖1 (7)

where U = ∑
(xi,xj)∈M (wTxi − wTxj)

2
, V =

∑
(xi,xj)∈C (wTxi − wTxj)

2
, and loss(xi, yi, F) is a gen-

eral loss function. One can use various loss functions, such as
least squares loss and logistic loss. Here, we adopt the least
square loss in this paper, i.e., F(xi) = yi − wTxi. The second
term is used to force the distance between samples involved
in the must-link set to be small (i.e., intraclass compactness),
and the distance between samples involved in the cannot-link
set to be large (i.e., interclass separability). Actually, the sec-
ond term is a discriminative regularization term that directly
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concentrates on the local discriminative structure of data by
using the underlying supervised information conveyed by
the must-link and the cannot-link constraints [44], [45]. The
parameter α is the regularization parameter that regulates the
relative significance of the intraclass compactness and the
interclass separability. The last term is the L1-norm-based
regularization term used to generate sparse coefficients for
different features.

Let SM and SC denote similarity matrices defined on the
pairwise cannot-link constraint set and the cannot-link con-
straint set, respectively. Here, SM and SC are defined as
follows:

SM
ij =

{
1, if

(
xi, xj

) ∈ M
0, otherwise

(8)

SC
ij =

{
1, if

(
xi, xj

) ∈ C
0, otherwise.

(9)

Let DM and DC denote two diagonal matrices, where
DM

ii = ∑N
j=1 SM

ij and DC
ii = ∑N

j=1 SC
ij . Then, we can com-

pute the must-link Laplacian matrix LM = DM − SM, and the
cannot-link Laplacian matrix LC = DC−SC [46]. Accordingly,
the regularization terms defined on the must-link constraints
and the cannot-link constraints in (8) can be rewritten as

∑

(xi,xj)∈M

(
wTxi − wTxj

)2 =
∑

i,j

(
wTxi − wTxj

)2
SM

ij

= 2wTXTLMXw (10)

and
∑

(xi,xj)∈C

(
wTxi − wTxj

)2 =
∑

i,j

(
wTxi − wTxj

)2
SC

ij

= 2wTXTLCXw. (11)

By employing the least square loss as well as (10) and (11),
we can reformulate the proposed model defined in (7) as
follows:

min
w

1

2
‖Y − Xw‖2

2 + λ1wTXT
(

LM − αLC
)

Xw + λ2‖w‖1.

(12)

In addition, to further preserve the structure information
of original data, we introduce a manifold regularization term,
which is as follows:

∑

i,j

(
wTxi − wTxj

)2
Sij = 2wTXTLXw (13)

where L denotes the Laplacian matrix on original data, and
D is a diagonal matrix with element Dii = ∑N

j=1 Sij, while
the similarity matrix S is defined in (3). By introducing the
manifold regularization term into (12), we have the following
objective function:

min
w

1

2
‖Y − Xw‖2

2 + λ1wTXT
(

LM − αLC
)

Xw

+ λ2‖w‖1 + λ3wTXTLXw (14)

where the first term is the empirical loss on the training data,
and the second term is a discriminative regularization term to

Algorithm 1 Learning Algorithm Based on CGS

Input: The training data X = {xi}N
i=1; The class labels

Y = {yi}N
i=1; The number of must-link constraints NM;

The number of cannot-link constraints NC; The learner �.
Initialize: The parameters for CGS, i.e., λ1, λ2, λ3 and α.
1: Generate the must-link constraints set M and the

cannot-link constraint set C;
2: Calculate the similarity matrices SM, SC and S using

Eqs. (8), (9) and (3), respectively; Compute the
corresponding Laplacian matrices LM, LC and L;

3: Compute the optimal solution w of (14);
4: Construct the feature subset G by selecting features with

nonzero coefficients of w;
5: Call the learner �, providing it with the training data set

{xG
i , yi}N

i=1 where xG
i denotes the sample xi with features

in G.

Output: The hypothesis h: ϕTxG → Y

preserve the local discriminative structure of data conveyed by
pairwise constraints. The last two terms are the L1-norm-based
regularizer and the manifold regularization terms,
respectively.

The model defined in (14) is called pairwise CGS feature
selection method in this paper. Without the manifold regu-
larization term (i.e., λ3 = 0) in (14), the proposed model is
called CGS without manifold regularization term (CGSwm).
Let λ1 = 0 and λ3 = 0, and we find that the proposed CGS
method is equivalent to the Lasso formulation defined in (6).
Finally, with λ1 = 0, the proposed CGS model is equivalent
to the Laplacian Lasso (LapLasso) model [47]. The learning
algorithm based on our proposed CGS approach is given in
Algorithm 1.

Now, we analyze the computational complexity of
Algorithm 1. There are three main steps in Algorithm 1.

1) Step 1: Generates the must-link and the cannot-
link pairwise constraints, requiring O(NM + NC)
operations.

2) Step 2: Calculates three similarity matrices requiring
O(N2 + N2

M + N2
C) operations.

3) Step 3: Computes w using Algorithm 2 that needs
O(1/Q2) operations given the iteration number Q.

Hence, the overall computational complexity of Algorithm 1
is O(N2 + N2

M + N2
C).

B. Optimization Algorithm

Now, we introduce an efficient optimization algorithm for
solving the objective function of CGS defined in (14). It is
straightforward to verify that the proposed objective func-
tion is convex but nonsmooth because of the nonsmooth
L1-norm regularization term. The basic idea to solve the prob-
lem is to use a smooth function to approximate the original
nonsmooth objective function, and then solve the former by
utilizing some off-the-shelf fast algorithms. In this paper, we
resort to the widely used accelerated proximal gradient (APG)
method [48], [49] to solve the proposed objective function
in (14). To be specific, we first separate the objective function



302 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 46, NO. 1, JANUARY 2016

(a) (b)

Fig. 1. Convergence of the objective function value on (a) Haberman
and (b) ionosphere data sets.

in (14) to the smooth part

f (w) = 1

2
‖Y − Xw‖2

2 + λ1wTXT
(

LM − αLC
)

Xw

+ λ3wTXTLXw (15)

and the nonsmooth part

h(w) = λ2‖w‖1. (16)

To approximate the composite function f (w) + h(w), we
further construct the following function:

�T,wj(w) = f
(
wj

) + 〈
w − wj,∇f

(
wj

)〉

+ T

2

∥
∥w − wj

∥
∥2

2 + h(w) (17)

where ∇f (wj) denotes the gradient of f (w) at the point wj,
and T is the step size that can be determined by line search,
e.g., the Armijo–Goldstein rule [50]. Finally, the update step
of AGP algorithm is defined as follows:

wj+1 = min
w

1

2

∥
∥w − vj

∥
∥2

2 + 1

T
h(w) (18)

where the term vj = wj − 1/T∇f (wj).
The key of AGP algorithm is deciding how to solve the

update step efficiently. Liu and Ye [51] showed that this prob-
lem can be decomposed into several separate sub-problems.
Thus, we can obtain the analytical solutions of these sub-
problems easily. In addition, to achieve faster convergence rate,
the accelerated gradient method is based on two sequences
{wj} and {gj}, where wj is the sequence of approximate solu-
tions and {gj} is the sequence of search points [48]. The search
point gj is the affine combination of wj−1 and wj as

gj = wj + γj
(
wj − wj−1

)
(19)

where γj is a properly chosen coefficient. The detailed pro-
cesses are given in Algorithm 2.

For a fixed Q (i.e., the maximum iteration), the APG algo-
rithm for the problem in (14) has O(1/Q2) asymptotical
convergence rate. In Fig. 1, we plot the change of the objec-
tive function values versus iteration number on the Haberman
and the ionosphere data sets from UCI machine learning
repository [52]. From Fig. 1, one can see that the values of the
objective function value decreases rapidly within ten iterations,
illustrating the fast convergence of Algorithm 2.

Algorithm 2 Optimization Algorithm for CGS

Input: The training data X = {xi}N
i=1; The class labels

Y = {yi}N
i=1; The Laplacian matrices LM, LC and L;

Initialize: The maximum iteration number Q; The step
size T0; The parameters for CGS, i.e., λ1, λ2 and λ3.

1: Let w0 = w1 = 0, β0 = 1, and T = T0;
2: for j = 1 to Q do
3: Set γj = (1−βj−1)βj

βj−1
, and compute gj according to (19);

4: Find the smallest T = Tj−1, 2Tj−1, . . . such that

f
(
wj+1

) + h
(
wj+1

) ≤ �T,gj
(w)

where wj+1 is computed using (18);

5: Set Tj = T and βj+1 = 1+
√

1+4β2
j

2 .
6: end for
Output: wj

C. Proposed SCGS Method

The proposed CGS method is supervised, which requires
full class labels. However, in many real-world applications,
labeled data is usually hard or expensive to be obtained,
while unlabeled data and pairwise constraints may be easier
to be obtained [20]. In such cases, semi-supervised learning
methods are shown helpful to promote the performances of
a learning model [10], [21], [22]. In this section, we extend
our proposed CGS model to a semi-supervised variant.

Define a diagonal matrix A ∈ RN×N to indicate the labeled
data, i.e., Aii = 0 if the class label of sample xi is unknown
and Aii = 1 otherwise. The objective function of our proposed
SCGS model (denoted as SCGS) is as follows:

min
w

1

2
‖A(Y − Xw)‖2

2 + λ1wTXT
(

LM − αLC
)

Xw

+ λ2‖w‖1 + λ3wTXTLXw (20)

where LM, LC, and L denote Laplacian matrices defined
on the must-link constraint set, the cannot-link constraint set,
and the whole training data, respectively. In (20), the first term
is the empirical loss on labeled data, the second term is a dis-
criminant regularization term focusing on the local structure
of data reflected by pairwise constraints, and the last term is
an unsupervised estimation on intrinsic geometry distribution
of the original data. Similarly to CGS and CGSwm, the SCGS
method without the last Laplacian regularization term in (20)
is called SCGSwm in this paper.

D. ECGS Method

In [25]–[27], it has been shown that the selection of pair-
wise constraints has a significant impact on the performances
of pairwise constraint-based methods. That is, different sets of
pairwise constraints often result in highly unstable results on
the same data set. However, deciding how to select the appro-
priate pairwise constraints set for specific tasks is an open
problem [53]. Recently, ensemble-based methods have been
proposed for addressing that problem [26], [54], [55]. Inspired
by those methods, instead of making efforts on finding a single
proper pairwise constraint set, we extend our proposed CGS
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Fig. 2. Flowchart of the proposed ECGS method that uses an ensem-
ble of multiple pairwise constraint sets. Note NE is the number of pairwise
constraint sets.

Fig. 3. Relationship of the proposed CGS method and other related methods.

approach by using the ensemble of multiple pairwise constraint
sets. The flowchart of the proposed ECGS method is shown
in Fig. 2.

As shown in Fig. 2, we first generate multiple pair-
wise constraint sets. Specifically, we randomly select pairs
of samples from the training data, and then generate the
must-link or cannot-link constraints are created depending on
whether the underlying classes of two samples are the same
or different. Then, we execute the proposed CGS algorithm
on those individual constraint sets, through which multi-
ple feature subsets can be determined. Afterwards, different
individual learners are constructed based on those feature
subsets. Finally, we adopt the majority voting strategy for
the construction of classifier ensemble, because it is a very
simple as well as widely used method for the fusion of
multiple classifiers [26]. The ensemble versions of our pro-
posed CGS and CGSwm methods are denoted as ECGS and
ECGSwm, respectively. It is worth noting that the ensem-
ble method we used here is to employ multiple learners and
combine their prediction [54], which is different from multi-
view learning that mainly focuses on learning from multiview
features [42], [56].

From the above analysis, we can see that our proposed CGS
method can be regarded as a unified framework for various fea-
ture selection methods. The relationship between CGS method
and the other related methods is shown in Fig. 3.

IV. EXPERIMENTS

In this section, we first introduce the data sets used in our
experiments, and then present the experiment design and the
experimental results.

A. Data Sets

First, we evaluate our proposed methods (i.e., CGS,
CGSwm, ECGS, and ECGSwm), on ten data sets from UCI
machine learning repository [52], and a high-dimensional gene
expression data set (i.e., colon cancer [57]).

We also perform experiments on attribute classification
tasks on the aYahoo [58] and the ImageNet [59] data sets.
The aYahoo data set consists of 1151 images of 2688-D
features and 64 binary attributes [58], and the ImageNet
data set consists of 9600 images with 1550-D features with
25 attributes [59]. These attributes describe properties of
objects in the images, such as color, shape, texture, atomy,
and parts. In each attribute classification task, images rep-
resented by low-level features are used as input data and
the attributes for all images are regarded as labels. For the
aYahoo data set, we use 15 attributes (with relatively bal-
anced positive and negative samples) to perform attribute
classification.

In addition, we evaluate our methods on two neuroimaging-
based classification tasks using an Alzheimer’s disease (AD)
data set, obtained from the AD neuroimaging initiative
database (http://adni.loni.usc.edu). This data set have includ-
ing 202 subjects with the magnetic resonance imaging (MRI),
positron emission tomography (PET), and cerebrospinal
fluid (CSF) baseline data. There are three categories of
subjects, including 51 AD patients, 99 mild cognitive impair-
ment (MCI) patients, and 52 normal control (NC). In the
experiments, we perform two classification tasks, includ-
ing “AD versus NC” classification and “MCI versus NC”
classification. Similar to [32], we first perform preprocessing
for all MR and PET images. Then, for each of the 93 region
of interest (ROI) regions in the labeled MR images, we com-
pute the volume of gray matter tissue in that ROI region as
a feature. For each subject, we obtain 93 features from the MR
images. For PET images, we use a rigid transformation to align
them onto its respective MR images of the same subject, and
then compute the average intensity of each ROI in the PET
image as a feature. For each subject, we obtain 93 features
from the MRI image, another 93 features from the PET image,
and three features from the CSF biomarkers. Then, we con-
catenate these features to form the 189-D representation for
a subject. The statistics of data sets used in our experiments
are summarized in Table II.

B. Experiment Design

In the experiments, we compare our proposed methods
with several well-known feature selection methods,
including LS [36], FS [35], CS [25], Lasso [29], and
LapLasso [47], [60]. The performance of a specific feature
selection method is measured by the classification accuracy
based on the selected features on the training data. For LS,
FS, and CS methods, we first select the first m features
from the ranking list of features generated by corresponding
algorithms, where m is the desired number of selected
features specified as m = {1, 2, . . . , d} in the experiments.
Then, we report the highest classification accuracy as well the
number of selected features for LS, FS, and CS. For Lasso,



304 IEEE TRANSACTIONS ON CYBERNETICS, VOL. 46, NO. 1, JANUARY 2016

TABLE II
STATISTICS OF DATA SETS USED

IN OUR EXPERIMENTS

LapLasso and the proposed methods, the optimal feature
subset is determined through corresponding algorithms, and
the classification results are reported using such fixed feature
subsets. Two classifiers are used to perform classification
tasks. The first one is the K-nearest neighborhood (K-NN)
classifier with Euclidean distance and K = 1, and the second
one is a linear support vector machines (SVMs) with the
default regularization parameters value (i.e., C = 1) [61].

In the supervised classification experiments, we adopt a five-
fold cross-validation strategy to compute the mean and the
variance of classification accuracy. To be specific, the orig-
inal data set is partitioned into five subsets (each subset
with roughly equal size), and each time samples within one
subset are successively selected as the testing data while
all the remaining samples in the other four subsets are
combined together as the training data to perform feature
selection and to learn corresponding classifiers. The process
is repeated for ten times independently to avoid any bias
introduced by the random partitioning of original data in
the cross-validation process. Similarly, in the semi-supervised
classification experiments, we adopt a fivefold cross-validation
strategy. Specifically, we first partition the original data into
roughly equal five folds, and each time we select one of
five subsets as the test data, and the others are used for
training. For those training data, we randomly select 40%
samples as labeled data, and select 40% samples to gen-
erate pairwise constraints, while the rest ones are used as
unlabeled data. To avoid any bias induced by the random par-
titioning of original data, the above process is repeated for
ten times.

The generation of pairwise constraints is simulated in the
following way. First, we randomly select pairs of samples
from the training data. Then, the must-link constraints and the
cannot-link constraints are created depending on whether the
underlying classes of two samples are the same or different. To
alleviate the bias introduced by the selection of pairwise con-
straint sets, following [25], the results achieved by CS and the

TABLE III
TOP 12 ROIS IDENTIFIED BY OUR PROPOSED CGS

METHOD IN AD VERSUS NC CLASSIFICATION

proposed CGS as well as CGSwm are averaged over 20 runs
with different generation of pairwise constraints. For the
proposed ECGS and ECGSwm methods, we first generate NE

different must-link and cannot-link constraint sets, and then
create multiple sets of selected features by using our proposed
CGS and CGSwm approaches, respectively. Based on these
feature subsets, we can train multiple learners through corre-
sponding learning algorithms (e.g., SVM and K-NN). Finally,
we adopt the majority voting strategy to get a final decision
for a specific testing sample. In addition, as shown in [26],
one can obtain the best classification results with the ensem-
ble size NE = 20, and using more than 20 components in the
ensemble will not further improve the classification results but
bring much computational burden. So in our experiments, the
ensemble size NE (i.e., number of constraint sets) is set as
20 empirically.

It has been shown in [25] and [26] that using equal num-
bers of must-link and cannot-link constraints achieves better
performance than using imbalanced constraints in pairwise
constraint-based methods. Accordingly, for four constraint-
based feature selection approaches (including CS, CGS,
CGSwm, ECGS, and ECGSwm), we use equal numbers of
must-link and cannot-link constraints in the experiments. To
be specific, the numbers of must-link and cannot-link con-
straints are set as 20% of the sample size for a specific
data set. For fair comparison, CS and our proposed methods
(i.e., CGS, CGSwm, ECGS, and ECGSwm) share the same
pool of pairwise constraints.

Following [25], the parameter λ for CS as well as the
parameter α for the proposed CGS method are set to
be 0.1 empirically. The regularization parameters λ1, λ2,
and λ3 for our proposed CGS method are chosen from
{10−6, 10−5, . . . , 100} through fivefold cross-validation on the
training data. Similarly, the parameters λ1 in Lasso, as well
as λ1 and λ2 in our proposed CGSwm method, are selected
from the same range by cross-validation on the training data.
The influence of different parameter values on the perfor-
mance of our proposed method will be further discussed
in Section V.
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TABLE IV
SUPERVISED CLASSIFICATION RESULTS USING K-NN CLASSIFIER (%)

C. Features Selected by the Proposed Method

To investigate whether the proposed CGS method can select
the most informative features, we perform the AD versus
NC classification on the AD data set to show the features
selected by our proposed CGS method. Since the selected fea-
tures (i.e., ROIs) are different in each cross-validation fold, we
choose those features with the highest selection frequency in
all folds as the most informative features. For each selected
feature, a paired t-test is performed to evaluate its discrimi-
native power for identifying AD patients from NCs, through
which the p-value between each specific selected feature and
class labels among all training samples can be computed. In
Table III, we list the top 12 ROIs selected by our proposed
CGS method from all 189 features, as well as corresponding
p-values.

From Table III, we can see that the top 12 regions include
hippocampal, amygdala, and temporal pole, which are reported
to be very relevant to AD disease in [32] and [55]. On
the other hand, from Table III, we can see that most of
selected features have small p-values indicating their strong
discriminative power for distinguishing patients from NCs. It
implies that our proposed CGS method can effectively find the
most informative features.

D. Results of Supervised Classification

We first validate the efficacy of proposed CGS and CGSwm
methods in a supervised problem setting, in comparison to
LS, FS, CS, Lasso, and LapLasso. In Table IV, we report the
classification results using K-NN classifier, while the results
using SVM are shown in Table SI in the online supplementary
materials. The meaning of the symbols in the term “a ± b(c)”
is as follows: “a” and “b” denote the mean and the variance
of classification accuracies among fivefold cross validation,
respectively, while “c” represents the number of selected
features. Note that the best results are shown in boldface.

Fig. 4. Classification results of different supervised feature selection methods
on the aYahoo data set using K-NN classifier.

We also perform paired t-test between the accuracy achieved
by our proposed CGS method and the accuracy achieved by
a compared method. The values in Table IV further marked
by “*” indicate that our proposed CGS method achieves sig-
nificant improvement than the other methods by paired t-test
(with the confidence interval at 95%). In addition, we report
the mean results of attribute classification using K-NN clas-
sifier on the aYahoo data set and the ImageNet data set
in Table IV.

From Table IV, we can observe four main points. First, our
proposed CGS and CGSwm methods usually achieve the over-
all better performances than the other methods. For example,
on the sonar data set, the accuracy achieved by the proposed
CGS approach is 94.28%, while the best accuracy of the other
methods is only 92.85% (achieved by LS and FS). Second,
in most cases, the numbers of features selected by CGS and
CGSwm are less than that of other five methods. In particular,
on colon cancer data set, CGS achieves the highest accuracy
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(a) (b) (c) (d)

Fig. 5. Classification accuracies versus different numbers of selected features achieved by seven feature selection methods on (a) Haberman, (b) ionosphere,
(c) hepatitis, and (d) sonar data sets.

using only two features, while the best result is achieved by
FS with eight features. Third, for pairwise constraint-based
methods, our proposed CGS method consistently performs bet-
ter than CS and CGSwm usually outperforms CS. Finally, CGS
that considers both the pairwise constraints and the manifold
information is usually superior to CGSwm using only pairwise
constraints. Similarly, LapLasso that considers the manifold
information achieves better results than Lasso in most cases. It
indicates that the structure information is important in guiding
the process of feature selection.

In Fig. 4, we show the results of 15 attribute classification
on aYahoo data set with K-NN classifier, while results with
SVM classifier are given in Fig. S1 in the online supplemen-
tary materials. At the same time, we also report the attribute
classification results on the ImageNet data set using both
K-NN and SVM classifiers in Figs. S2 and S3, respectively, in
the online supplementary materials. From Figs. 4 and S1–S3,
one can observe that our proposed methods (i.e., CGS and
CGSwm) usually outperform the other compared methods in
multiple attribute classification tasks. Especially, as shown in
Fig. 4, in the “Eye” and “Head” classification tasks on the
aYahoo data set, CGS achieves much higher accuracy than
the compared methods.

Furthermore, we investigate the influence of the number
of selected features on the classification results. For LS, FS,
and CS, the number of selected features vary from 1 to
d according to feature ranking lists obtained by a specific
algorithm. For L1-norm-based methods (i.e., Lasso, LapLasso,
CGSwm, and CGS), the parameter for the L1-norm regular-
ization term that controls the sparsity of feature coefficients
(corresponding to optimal number of selected features) is cho-
sen from {10−6, 10−5, . . . , 100} through cross-validation. The
other parameters for CGS (i.e., λ1 and λ3), the parameter λ1
for CGSwm, and the parameter λ2 for LapLasso are chosen
from the same range through cross-validation on the training
data. In Fig. 5, we plot the curves of classification accuracy
versus different numbers of selected features on four UCI
data sets using K-NN classifier.

From Fig. 5, we can see that our proposed CGS and
CGSwm methods achieve the overall best performances using
smaller number of selected features, in comparison to LS,
FS, and CS. Particularly on the Haberman and the ionosphere
data sets, CGS, and CGSwm need less than half of features to
achieve the best performances. Second, using similar number

of selected features, CGS and CGSwm achieve higher clas-
sification accuracies than Lasso and LapLasso in most cases.
This conclusion is consistent with the results in Table IV.

E. Results of Semi-Supervised Classification

In this section, we evaluate our proposed SCGS and
SCGSwm methods in a semi-supervised problem setting on
UCI data sets, in comparison to FS, Lasso, and LapLasso.
Note that LapLasso, SCGSwm, and SCGS methods use both
labeled data and unlabeled data, while FS and Lasso use only
the labeled data. We report the classification results achieved
by different feature selection methods using K-NN in Table V,
while the results using SVM classifier are given in Table SII
in the online supplementary materials.

From Table V, we can find that, in most cases, SCGS per-
forms better than FS, Lasso, and LapLasso, especially on the
hepatitis and the sonar data sets. These results imply that the
features selected by SCGS have better discriminative abil-
ity compared with those selected by other methods. Recall
the results in Table IV achieved by the proposed supervised
CGS method, and we can find that although a small number
of labeled data are used in the proposed SCGS method, the
classification performances achieved by SCGS only decrease
slightly compared with the results in a full supervised manner.
For example, from Tables IV and V, we can clearly see
that the performances of SCGS are similar to those of CGS
on diabetes, wine, and Wisconsin diagnostic breast cancer.
These results demonstrate that our proposed CGS method can
effectively identify discriminative features in semi-supervised
problem settings. The underlying reason may be that the dis-
advantage of lacking enough labeled data can be compensated
by the information conveyed by pairwise constraints in the
proposed SCGS method.

F. Results of ECGS

We then compare our proposed CGS and CGSwm methods
with their ensemble counterparts, i.e., ECGS and ECGSwm,
respectively. The classification results using the K-NN clas-
sifier are given in Fig. 6, and the results using the SVM
classifier are shown in Fig. S4 in the online supplemen-
tary materials. From Fig. 6, we can see that, in most cases,
the proposed ECGS method using the ensemble of pair-
wise constraint sets outperforms its traditional counterpart
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TABLE V
SEMI-SUPERVISED CLASSIFICATION RESULTS

USING K-NN CLASSIFIER (%)

Fig. 6. Classification results of our proposed methods with and without using the ensemble of pairwise constraint sets with K-NN classifier, while the results
using SVM classifier is reported in the supplementary materials.

(i.e., CGS) that utilizes only one single pairwise constraint set.
Similarly, results achieved by the proposed ECGSwm methods
are usually better than those of CGSwm. These observations
suggest that using the ensemble of pairwise constraint sets can
further promote the performances of our proposed pairwise
CGS feature selection methods.

V. DISCUSSION

In this section, we first discuss the influences of differ-
ent parameters and constraint numbers on the performance
of our proposed CGS method. Then, we directly employ our
proposed CGS method with logistic loss as a sparse classi-
fier to perform classification tasks compared with other sparse
learners.

A. Influence of Parameters

In our proposed CGS method, there are three parameters
(i.e., λ1, λ2, and λ3) to be tuned. In this section, we evaluate
how CGS performs with different values of these parameters
on two UCI data sets. In Fig. 7, we show the classification
accuracies as a function of two of these three parameters on the
Haberman data set, while the results on the ionosphere data set
are shown in Fig. S5 in the online supplementary materials.

From Fig. 7, we can clearly see that the influence of param-
eters on our proposed CGS method on the Haberman and
the ionosphere data sets. More specifically, on the Haberman
data set, Fig. 7(a) shows that the performance of the pro-
posed CGS method slightly fluctuate in a small rage with the
increase of parameter λ1 and λ2, while Fig. 7(b) and (c) indi-
cates that CGS is stable with respect to the other two pairs of
parameters, i.e., λ2 and λ3, and λ1 and λ3. On the ionosphere
data set, Fig. S5 reveals that that the performance of the pro-
posed CGS method has some fluctuations by using different
values for three parameters. These results imply that the selec-
tion of parameters is critical for our proposed methods, which
is a common problem in sparse feature selection domain. As
suggested in [3], cross-validation provides a good way to find
the optimal parameters (as we do in this paper).

B. Influence of Constraint Number

Then, we discuss the influence of different constraint num-
bers on the performance of our proposed CGS method.
In the experiments, we gradually increase the number
of pairwise constraints, and record corresponding clas-
sification results achieved by different methods (includ-
ing CS, CGS, and CGSwm). The classification results versus
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Fig. 7. Classification accuracies versus parameters λ1, λ2, and λ3 on the Haberman data set. (a) Fixed λ1. (b) Fixed λ2. (c) Fixed λ3. Note that in (a)–(c),
when two parameters vary, another is fixed as 0.001.

Fig. 8. Classification results versus the number of pairwise constraints
achieved by different methods on (a) Haberman and (b) ionosphere data sets.

number of pairwise constraints using K-NN classifier on
Haberman and ionosphere data sets are given in Fig. 8, and
the results on the other four UCI data sets (i.e., hepatitis,
sonar, wine, and Parkinson) are shown in Fig. S6 in the online
supplementary materials.

As shown in Fig. 8(a), on the Haberman data set, the over-
all performances of the proposed CGS and CGSwm methods
gradually become better with the increase of constraint num-
ber in a large scale. When the number of constraint is larger
than 360, the performance of CGS has some fluctuations.
On the ionosphere data set, from Fig. 8(b), we can see that
on the whole the performances of CGS gradually increase
when the constraint number increases. These results imply that
adding more side information (i.e., pairwise constraints) help
improve the classification results. On the other hand, despite of
different pairwise constraint numbers, CGS consistently out-
performs CS, while in most cases CGSwm performs better
than CS.

C. Comparison With Sparse Classifiers

As shown in (14), the proposed CGS model can be
used as a sparse classifier by using a logistic loss func-
tion. In this section, we employ CGS with logistic loss as
a sparse classifier, and compare it with L1 logistic regression
model (L1_log) and Laplacian regularized L1 logistic regres-
sion model (LapL1_log). We denote our proposed method
with logistic loss function as CGS_log and CGSwm_log,
respectively. In Table VI, we report the classification results on
seven two-class UCI data sets achieved by four sparse learners.

TABLE VI
RESULTS USING DIFFERENT SPARSE CLASSIFIERS (%)

From Table VI, we can see that our proposed CGS_log
method significantly outperforms L1_log and LapL1_log,
while the proposed CGSwm_log performs better than L1_log
and LapL1_log on those seven UCI data sets. On the other
hand, one can find another interesting observation from
Tables IV, VI, and SI. That is, our proposed CGS_log
method generally outperforms CGS with both K-NN and SVM
classifiers, and the proposed CGSwm_log usually performs
better than CGSwm with both K-NN and SVM classifiers.
The underlying reason could be that the selected features
in CGS_log and CGSwm_log are very suitable for their
corresponding classifiers, because both selected features and
corresponding classifiers are learned from a same objective
function. It indicates that our proposed model can not only be
used for performing feature selection, but also be effective to
perform classification tasks as sparse learners.

VI. CONCLUSION

In this paper, we propose a pairwise CGS learning method
for feature selection, where pairwise constraints are used as
discriminative regularization terms that concentrate on the
local discriminative structure of data by using the underly-
ing supervised information conveyed by the must-link and the
cannot-link constraints. Furthermore, we extend our proposed
CGS method into a SCGS method and an ECGS method.
Experimental results on a number of data sets validate the
efficacy of our proposed methods.

In this paper, the number of selected features mainly
depends on the parameter of L1-norm regularization, which is
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very limited. To select an optimal feature subset with a fixed
size based on the needs of specific tasks seems to be more
appealing, which is one of our future works. In addition, we
plan to adapt our proposed pairwise CGS learning methods to
multimodality learning problems.
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